Abstract-we study fuzzy differential equations (FDEs) using the strongly generalized differentiability concept. Utilizing the characterization problem, we present approximate solutions of FDEs under Generalized differentiability by an equivalent system of ODEs. Then we extend midpoint approximation method and give its error, which guarantees pointwise convergence. An illustrative example is given.
INTRODUCTION
Fuzzy differential equations (FDEs) are studied as a powerful tool for mathematical modeling of real world problems to make a suitable setting for modeling uncertainty or vagueness. There are several approaches to the study of fuzzy differential equations [7, 18] .
Hukuhara derivative, the most popular approach, of a set-valued mapping was introduced by Hukuhara in [8] and has been used in several approaches. To define fuzzy derivative Puri and Ralescu [11] generalized the H-derivative from set-valued mapping to the class of fuzzy mapping and it studied by several authors [15, 9] . Under this setting, fuzzy initial value problem is studied and the existence and uniqueness theories for the Fuzzy Differential Equations (FDEs) is developed. However, It soon appeared that the solution of fuzzy differential equation interpreted by Hukuhara derivative has a drawback: it became fuzzier as time goes by [6] . Hence, in some cases, it suffers the disadvantage since the solution of FDE has increasing diameter of its support. So FDEs was interpreted as family of differential inclusion to resolve this shortcoming in [8] . Although family of differential inclusion has been successfully adapted in several applications, it has a main disadvantage that the derivative of a fuzzy-number-valued function doesn't exist. In this direction, the strongly generalized differentiability was introduced by Bede and Gal in [2] and studied in [3, 4, 16] . By this kind of derivative, a larger class of fuzzy-number-valued function has a derivative. Indeed, by using the strongly generalized differentiability the fuzzy initial value problem (FIVP) has solutions with decreasing length in their support. However, the unique-ness condition of solutions is lost.
The results of [3] inspired some authors that have been applied numerical methods for the solution of FIVP [12-14, 1, 7] . They replaced the fuzzy differential equation by its parametric form and then solved numerically the system consist of two classic ordinary differential equations with initial conditions. In this paper, under generalized differentiability, we generalize midpoint method to solve FDEs.
On the other hand, in [4] it was shown that FDEs could be translated to the system of ordinary differential equations (ODEs). They presented a characterization theorem, which is shown the equivalence ODE system of FDE. Indeed, it states that FDEs can be solved numerically by suitable numerical method.
So, after preliminary section, the characterization theorem is presented with the concept of the generalized differentiability.in section 4, we generalize midpoint method for solving FDEs and followed by a complete error analysis. Finally, a numerical example is presented. 
II.

PRELIMINAREIS
Definition 2: (see [11] ) let ݂ǣ ‫ܫ‬ ื Թ ி be a fuzzy function. We say ‫ܨ‬ is differentiable at ‫ݐ‬ ߳ ‫ܫ‬ if there exists an element ‫ܨ‬ ᇱ ሺ‫ݐ‬ ሻ ߳ Թ ி such that the limits
exist and are equal to ‫ܨ‬ ᇱ ሺ‫ݐ‬ ሻ.
Here the limit is taken in the metric space ሺԹ ி ǡ ‫ܦ‬ሻǤ Note that the above definition of Hukuhara derivative is restrictive; for instance in [3] the authors shown that if ‫ܨ‬ሺ‫ݐ‬ሻ ൌ ܿ ٖ ݃ ሺ‫ݐ‬ሻ where c is fuzzy number and ݃ǣ ሺܽǡ ܾሻ ՜ Թ ା is a function with ݃ ᇱ ሺ‫ݐ‬ሻ ൏ Ͳ , then ‫ܨ‬ is not differentiable. To avoid that shortcoming, proposed a more general definition of a derivative for fuzzy-number-valued function by considering a lateral type of H-derivatives.
Definition 3: (see [3] ) let ‫ܨ‬ǣ ‫ܫ‬ ื Թ ி and ‫ݐ‬ ߳ ‫.ܫ‬ We say that ‫ܨ‬ is differentiable at ‫ݐ‬ if:
1. For all ݄ Ͳ sufficiently near to 0,there exist ‫ݐ‪ሺ‬ܨ‬ ݄ሻ ٓ ‫ݐ‪ሺ‬ܨ‬ ሻǡ ‫ܨ‬ ሺ‫ݐ‬ ሻ ٓ ‫ݐ‪ሺ‬ܨ‬ െ ݄ሻ and the limits (in the metric D) 
Remark 1: (see [3] ) If F is differentiable in the senses (1) and (2) simultaneously, then for h > 0 sufficiently small, we have
Therefore, if there exists ‫ܨ‬Ԣሺ‫ݐ‬ ሻ in the first form (second form) with ‫ܨ‬Ԣሺ‫ݐ‬ ሻ ‫ב‬ Թ, then ‫ܨ‬Ԣሺ‫ݐ‬ ሻ does not exist in the second form (first form, respectively).
The principal properties of defined derivatives are well known and can be found in 2012 IEEE Symposium on Humanities, Science and Engineering Research [3, 16, 10] . In this paper, we make use of the following Theorem [16] . Proof: see [16] .
III. CHARACTERIZATION THEOREM FOR FDEs UNDER GENERALIZED DIFFERENTIABILITY
Here we study the fuzzy initial value problem
where ݂ǣ ‫ܫ‬ ൈ Թ ி ื Թ ி is a continuous fuzzy mapping and ‫ݔ‬ is a fuzzy number. The interval I may be [0,A] for some A > 0 or ‫ܫ‬ ൌ ሾͲǡ λሻ. Based on the Theorems [3] we can obtain some results on the existence of solutions of fuzzy differential equations. Proof: see [16] . Now by theorem (1) we translate the FIVP (1) into a system of ODEs. We have ሾ‫ݔ‬ሺ‫ݐ‬ሻሿ ఈ ൌ ሾ‫ݔ‬ ఈ ሺ‫ݐ‬ሻǡ ‫ݔ‬ ఈ ሺ‫ݐ‬ሻሿ . If ‫ݔ‬ ሺ‫ݐ‬ሻ is (1)-differentiable then by theorem (1), the FIVP (1) is equivalent to the following system of ODEs:
Also, if ‫ݔ‬ሺ‫ݐ‬ሻ is (2)-differentiable then by theorem (1) the FIVP (1) is equivalent to the following system of ODEs:
where ሾ݂ሺ‫ݐ‬ǡ ‫ݔ‬ሻሿ ఈ ൌ ሾ݂ ఈ ൫‫ݐ‬ǡ ‫ݔ‬ ఈ ǡ ‫ݔ‬ ఈ ൯ǡ ݂ ఈ ൫‫ݐ‬ǡ ‫ݔ‬ ఈ ǡ ‫ݔ‬ ఈ ൯ሿ.
As we can see in [16] , first we ensure that ሾ‫ݔ‬ ఈ ሺ‫ݐ‬ሻǡ ‫ݔ‬ ఈ ሺ‫ݐ‬ሻሿ the solution of the ODEs systems (2) and (3) are valid level sets and if ሾ‫ݔ‬Ԣ ఈ ሺ‫ݐ‬ሻǡ ‫ݔ‬Ԣ ఈ ሺ‫ݐ‬ሻሿ the ߙ-cut of derivative of ‫ݔ‬ ሺ‫ݐ‬ሻ are valid level sets of a fuzzy valued function. Then, by stacking theorem (Representation Theorem) [9] we can construct a fuzzy solution ሺሻ equivalent to (2) and (3) such that they are (1)-differentiable and (2)-differentiable, respectively. By characterization theorems [4] , which show that a fuzzy differential equation can be translated equivalently into a system of ODEs, we can use any numerical method for the system of ODES. Also, by next theorem the authors of [4] state that the FIVP (1) is equivalent to the system (2) or (3) in case of (1)-differentiability or (2)-differentiability, respectively.
Theorem 3: Let us consider the FIVP (1) where ݂ǣ
ii. ݂ ఈ and ݂ ఈ are equicontinuous;
iii. there exist ‫ܮ‬ Ͳ such that (1) is equivalent to the system of ODEs (2) or (3) for (1) Then based on the equations (2) and (3), to generalize midpoint method we proceed as follows:
• Translate fuzzy differential equation to its equivalent ordinary differential equations system based on (1)-differentiability or (2)-differentiability • Solve numerically ODEs systems which consist of four classic ordinary differential equations with initial conditions • Ensure that the solution and the derivative of the solution ‫ݔ(‬ ሺ‫ݐ‬ሻ) are valid level sets • Based on the equations (2) and (3), for ݊ ൌ ͳ , generalize Euler method and then for ݊ ͳ, extend midpoint method for finding two fuzzy solutions of FDEs under generalized differentiability.
Remark: by theorem (1) we can see that the uniqueness of the solution of the fuzzy differential equations lost.
EXAMPLE:
Consider the problem [4]
where ‫ݔ‬ is a fuzzy number. Let ߣ ൌ ͳǡ ‫ܫ‬ ൌ ሾͲǡ ͲǤͳሿ and ‫ݔ‬ ൌ ሾߙ െ ͳǡ ͳ െ ߙሿ. We can get the exact solution related to (1)-differentiability and (2)-differentiability solutions of the problem as follows, respectively:
To extend Euler and Midpoint methods to generalized them we divide I into ܰ ൌ ͳͲ equally spaced subintervals and to get the solutions for case (1)-differentiability and case (2)-differentiability calculate for ݊ ൌ ͳ 
and also for ݊ ͳ compute
Following tables and Fig. 1 are shown a comparison between the lower and upper exact and approximate solutions at ‫ݐ‬ ൌ ͲǤͳ according to (2)-differentiability: 
V. CONCLUSION
A generalized stacking theorem has been presented for the approximate solution of FDEs under generalized differentiability. As a matter of fact, by representation theorem a FDE can be transferred into two systems of ODEs, which can be solved by any suitable numerical method, and then by stacking theorem we can bunch the fuzzy solutions of FDE. As a future work, we will apply this method for fuzzy partial differential equations and also for second order fuzzy differential equations.
